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Introduction
The Beilinson-Hodge conjecture (BH(X, n)) asserts the surjectivity of the cycle mapc n,n : H n M (X, Q(n)) − → Hom MHS (Q(−n), H n (X, Q))
for all integers n ≥ 1 and every smooth complex algebraic variety X. Informally speaking, the conjecture means that every complex holomorphic n-form with logarithmic poles along the boundary divisor of every compactification of X and rational cohomology class comes from a meromorphic form of the shape 1 (2πi) n j m j · df j1 f j1 ∧ · · · ∧ df jn f jn with f jk ∈ C(X) * and m j ∈ Q.
This work has been supported by the SFB/TR 45 "Periods, moduli spaces and arithmetic of algebraic varieties".
It is well-known that the conjecture holds for n = 1 (see, for example, [EV88, Proposition 2.12]). For n ≥ 2, Asakura and Saito provided evidence for the conjecture by studying the Noether-Lefschetz locus of Beilinson-Hodge cycles (see [AS06] , [AS07] , [AS08] ). By work of Arapura and Kumar, BH(X, n) is known to hold for every n provided that X is a semi-abelian variety or a product of curves [AK09] .
In our paper we consider only the case n = 2, and make two observations. First, for a smooth and projective variety X the Beilinson-Hodge conjecture BH(η, 2) for the generic point η of X is equivalent to the injectivity of the cycle map 2. Beilinson-Hodge conjectures for the generic point 2.1. Coniveau spectral sequences. The main technical tool of our paper is the coniveau spectral sequence for motivic and absolute Hodge cohomology. The existence and construction of the coniveau spectral is well-known and follows from the yoga of exact couples as in [BO74] . Because we couldn't provide a reference for the case of absolute Hodge cohomology we will explain the construction in this section.
2.1.1. In the following, ? will stand for M or H. For p ≥ 0 we denote by X (p) the set of codimension p points of X. For a point x ∈ X (not necessarily closed) we define
where U runs over all open neighborhoods of x. For all n ≥ 0, the coniveau spectral sequence reads:
(X, Q(n)).
The terms E 
We denote by H b (Cor C ) the homotopy category of bounded complexes [Voe00, §2.1]. By construction [Voe00, Definition 2.1.1] there is a triangulated functor
Definition 2.1.3. Let X be smooth and Y ⊂ X a closed set. We define c Y X to be the complex
Let Y ⊂ X be a closed subset. For an open subset U of X and a closed subset
(1) The morphisms
induced by (2.1.3) and
For (2). Straight-forward.
Definition 2.1.5. Let X be smooth and Y ⊂ X a closed subset. For all n ≥ 0 and q ∈ Z we define
. We implicitly used the functor (2.1.2).
From (2.1.3) we obtain a map
2.1.6. For p ≥ 0 we denote by Z p = Z p (X) the set closed subsets of X of codimension ≥ p, ordered by inclusion. Let Z p /Z p+1 denote the ordered set of pairs
We can form for all n ≥ 0 and p ∈ Z:
In view of Lemma 2.1.4, we obtain for every (Z,
and we can take the limit to get a long exact sequence
This also holds for p < 0 for trivial reasons. We form an exact couple as follows
and the exact triangle induced by (2.1.5):
(X, Q(n)), the exact couple yields a spectral sequence
for all n ≥ 0, such that
(X, Q(n))). Lemma 2.1.7. Let X be smooth and n ≥ 0.
(1) If p ≤ n then
Proof. The set
From the Gysin triangle [Voe00, Proposition 3.5.4] we obtain for all (Z, Z ′ ) ∈ S a natural isomorphism
in DM gm . For (1). By using cancellation we obtain
for all (Z, Z ′ ) ∈ S, and the restriction maps
induce the desired isomorphism. For (2). Suppose p > n. We claim that (2.1.8) H * Z,? (X, Q(n)) = 0 for all Z ∈ Z p (X). In view of the long exact sequence (2.1.4) this will prove the claim.
By definition the vanishing of H * Z,? (X, Q(n)) follows if the restriction map
is an isomorphism. Set U := X\Z. For ? = M we can use the comparison isomorphism with higher Chow groups. It is sufficient to prove that the restriction induces an isomorphism of complexes
where Z n (?, •) denotes Bloch's cycle complex. Since X\U has codimension > n, the map (2.1.9) is injective. For the surjectivity, let A ∈ Z n (U, m) be the class of an irreducible subvariety of U × ∆ m . By definition A has codimension n and meets all faces U × ∆ i properly. LetĀ be the closure of
and (X\U ) × ∆ i has codimension > n in X × ∆ i , we conclude thatĀ ∈ Z n (X, m). For ? = H. In view of (1.1.1), we need to prove that the restriction induces isomorphisms
for all q. In order to prove (2.1.10) and (2.1.11) we use the exact sequence
Note that
im(H q−1 (U,Q)) and ker(H q+1 X\U (X, Q) − → H q+1 (X, Q)) are Hodge structures of weight ≥ 2p. If E is any mixed Hodge structure of weight ≥ 2p then
because p > n. Therefore (2.1.12) implies the statement.
Proposition 2.1.8. Let X be smooth and ? = M or ? = H. Let n ≥ 0 be an integer.
(1) There is a spectral sequence
such that
where U runs over all open subsets with codim(X\U ) ≥ p.
(2) The cycle map induces a morphism of spectral sequences
Proof. For (1). The statement follows from the spectral sequence (2.1.7) and Lemma 2.1.7.
For (2). The realization r H (1.2.1) induces a morphism of the exact couples (2.1.6).
2.2. E 1 complexes of the coniveau spectral sequence. Let X be smooth and connected, we denote by η the generic point of X. The cycle map induces a morphism between the E
Proof. Statement (i) is proved in [MS97] .
Proof of (i) and (ii). We use the coniveau spectral sequence (Proposition 2.1.8)
where ? is M or H, and 0 ≤ p ≤ n. We have
for n = 2. We get E 1,2 2 = E 1,2
∞ and E 2,1
∞ for obvious reasons. Therefore we obtain an exact sequence 
